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Èññëåäóåòñÿ ðàçðåøèìîñòü ãåîìåòðè÷åñêè íåëèíåéíûõ êðàåâûõ çàäà÷ äëÿ óïðóãèõ ïî-
ëîãèõ èçîòðîïíûõ îáîëî÷åê â ðàìêàõ ñäâèãîâîé ìîäåëè Ñ.Ï. Òèìîøåíêî ïðè ñòàòè÷åñêèõ
ãðàíè÷íûõ óñëîâèÿõ.Ìåòîä èññëåäîâàíèÿ îñíîâàí íà ñâåäåíèè èñõîäíîé ñèñòåìû óðàâíå-
íèé ðàâíîâåñèÿ ê îäíîìó íåëèíåéíîìó óðàâíåíèþ îòíîñèòåëüíî äåôîðìàöèè ïîïåðå÷íîãî
ñäâèãà. Ïðè ýòîì ñóùåñòâåííóþ ðîëü èãðàþò èíòåãðàëüíûå ïðåäñòàâëåíèÿ äëÿ òàíãåíöè-
àëüíûõ ïåðåìåùåíèé è óãëîâ ïîâîðîòà, êîòîðûå ñòðîÿòñÿ ñ ïðèâëå÷åíèåì îáùèõ ðåøåíèé
íåîäíîðîäíîãî óðàâíåíèÿ Êîøè-Ðèìàíà.
Êëþ÷åâûå ñëîâà: Îáîëî÷êà òèïà Òèìîøåíêî, óðàâíåíèÿ ðàâíîâåñèÿ, êðàåâàÿ çàäà-
÷à, îáîáùåííûå ïåðåìåùåíèÿ, îáîáùåííîå ðåøåíèå çàäà÷è, èíòåãðàëüíûå ïðåäñòàâëåíèÿ,
èíòåãðàëüíûå óðàâíåíèÿ,ãîëîìîðôíûå ôóíêöèè, òåîðåìà ñóùåñòâîâàíèÿ.
1. Ïîñòàíîâêà çàäà÷è
Ðàññìàòðèâàåòñÿ ñèñòåìà óðàâíåíèé ðàâíîâåñèÿ ïîëîãèõ èçîòðîïíûõ îäíîðîä-
íûõ îáîëî÷åê òèïà Òèìîøåíêî âèäà
w111 + 1w122 + 2w212 = f1;
1w211 + w222 + 2w112 = f2;







3] = 0; (1)
 111 + 1 122 + 2 212 = ef1;
1 211 +  222 + 2 112 = ef2;
îòíîñèòåëüíî îáîáùåííûõ ïåðåìåùåíèé a = (w1; w2; w3;  1;  2) â ïëîñêîé îáëàñòè

 , ãîìåîìîðôíîé ñðåäèííîé ïîâåðõíîñòè S0 îáîëî÷êè, ïðè óñëîâèÿõ íà åå ãðàíèöå
  :
T j1d2=ds  T j2d1=ds = P j(s); j = 1; 2;
T 13d2=ds  T 23d1=ds+ T 11w31d2=ds  T 22w32d1=ds+ (2)
+T 12(w32d
2=ds  w31d1=ds) = P 3(s);
M j1d2=ds M j2d1=ds = N j(s); j = 1; 2:
Â (1),(2) ïðèíÿòû îáîçíà÷åíèÿ:
f1  f1(w3) = k3w31   w31w311   2w32w312   1w31w322   2R1;
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f2  f2(w3) = k4w32   w32w322   2w31w312   1w32w311   2R2; (3)efj = k0(w3j +  j)  1Lj ; j = 1; 2;
1 = (1  )=2; 2 = (1 + )=2; k3 = k1 + k2; k4 = k2 + k1; k5 = k21 + k22 + 2k1k2;
k0 = 6k
2(1  )=h2; 1 = 12(1  2)=(h3E); 2 = (1  2)=(Eh);
Rj ; P j(j = 1; 3); Lk; Nk(k = 1; 2)- âíåøíèå ñèëû, äåéñòâóþùèå íà îáîëî÷êó;
T ij - óñèñëèÿ, M ij -ìîìåíòû:




kij - êîìïîíåíòû äåôîðìàöèé ñðåäèííîé ïîâåðõíîñòè S0 îáîëî÷êè:
0jj = wjj kjw3+w23j=2; j = 1; 2; 012 = w12+w21+w31w32 ; 1jj =  jj ; j = 1; 2;
112 =  12 +  21 ; 
0




k3  0; k = 1; 3;
wi è w3 -òàíãåíöèàëüíûå è íîðìàëüíîå ïåðåìåùåíèÿ òî÷åê S0 ;  i(i = 1; 2) - óãëû
ïîâîðîòà íîðìàëüíûõ ñå÷åíèé; Bijkn -óïðóãèå õàðàêòåðèñòèêè îáîëî÷êè: B1111 =
B2222 = E=(1   2); B1122 = E=(1   2); B1212 = E=(2(1 + )); B1313 = B2323 =
Ek2=(2(1 + )); îñòàëüíûå Bijkn = 0; = const  êîýôôèöèåíò Ïóàññîíà, E =
const  ìîäóëü Þíãà,k1; k2 = const  ãëàâíûå êðèâèçíû; k2 = const- êîýôôèöèåíò
ñäâèãà;h = const- òîëùèíà îáîëî÷êè;1; 2 - äåêàðòîâû êîîðäèíàòû òî÷åê îáëàñòè

:
Çàäà÷à (1),(2).Òðåáóåòñÿ íàéòè ðåøåíèå ñèñòåìû (1),óäîâëåòâîðÿþùåå ãðà-
íè÷íûì óñëîâèÿì (2).
Êðàåâóþ çàäà÷ó (1),(2) áóäåì èçó÷àòü â îáîáùåííîé ïîñòàíîâêå. Ïóñòü âûïîëíå-
íû ñëåäóþùèå óñëîâèÿ:(à) âíåøíèå ñèëû Rj(j = 1; 3); Lk(k = 1; 2) 2 Lp(
); P j(j =
1; 3); Nk(k = 1; 2) 2 C( ); çäåñü è äàëåå âåçäå: p > 2; 0 <  < 1; (b) 
-îäíîñâÿçíàÿ
îáëàñòü ñ êóñî÷íî-ãëàäêîé ãðàíèöåé   2 C1 ; (c) âíåøíÿÿ íàãðóçêà ñàìîóðàâíîâå-
øåíà.
Îïðåäåëåíèå. Îáîáùåííûì ðåøåíèåì çàäà÷è ðàâíîâåñèÿ (1),(2) íàçîâåì âåê-
òîð îáîáùåííûõ ïåðåìåùåíèé a = (w1; w2; w3;  1;  2) 2 W (2)p (
); p > 2 , ïî÷òè








) c p > 2 îáîáùåííîå ðåøåíèå a 2 C1(
): Çäåñü è äàëåå
âåçäå  = (p  2)=p:
2. Ðåøåíèå çàäà÷è (1),(2) îòíîñèòåëüíî òàíãåíöèàëüíûõ ïåðåìåùåíèé
è óãëîâ ïîâîðîòà
Ðàññìîòðèì ïåðâûå äâà óðàâíåíèÿ â (1), â êîòîðûõ w3 âðåìåííî ñ÷èòàåì ôèê-
ñèðîâàííûì. Ïðè ïîìîùè êîìïëåêñíîé ôóíêöèè ! = w11+w22+i1(w21 w12)
èõ ìîæíî ïðåäñòàâèòü â âèäå
!z = f; (4)
ãäå f = (f1 + if2)=2; !z = (!1 + i!2)=2; z = 
1 + i2:
(4) åñòü íåîäíîðîäíîå óðàâíåíèå Êîøè-Ðèìàíà. Åãî îáùåå ðåøåíèå èìååò
âèä[1,c.29]:
!(z) = 1(z) + Tf(z); Tf  T







   z dd;  =  + i; (5)
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ãäå 1(z) - ïðîèçâîëüíàÿ ãîëîìîðôíàÿ ôóíêöèÿ, ïðèíàäëåæàùàÿ ïðîñòðàíñòâó
C(
):
Èçâåñòíî [1,ñòð.39], ÷òî Tf - âïîëíå íåïðåðûâíûé îïåðàòîð èç Lp(
) â C(
)



















(   z)2 dd; (6)




) è kSfkLp 
pkfkLp ; p > 1:
Ñîîòíîøåíèå (5) â ñâîþ î÷åðåäü ïðè ïîìîùè ôóíêöèè !0(z) = w2+ iw1 ìîæíî
çàïèñàòü â âèäå
!0z = i(d1! + d2!)  id[!]; dj = (1 + ( 1)j)=(41); j = 1; 2: (7)
(7) òàêæå ïðåäñòàâëÿåò ñîáîé íåîäíîðîäíîå óðàâíåíèå Êîøè-Ðèìàíà, îáùåå ðå-
øåíèå êîòîðîãî äàåòñÿ ôîðìóëîé
!0(z) = 2(z) + iTd[1 + Tf ](z); (8)




Òàêèì îáðàçîì, îáùåå ðåøåíèå ïåðâûõ äâóõ óðàâíåíèé â (1) ïðè ôèêñèðî-
âàííûõ w3 èìååò âèä (8) è ñîäåðæèò äâå ïðîèçâîëüíûå ãîëîìîðôíûå ôóíêöèè
j(z); j = 1; 2: Èõ íàéäåì òàê, ÷òîáû òàíãåíöèàëüíûå ïåðåìåùåíèÿ w1; w2 óäîâëå-
òâîðÿëè ïåðâûì äâóì ãðàíè÷íûì óñëîâèÿì â (2). Ñ ýòîé öåëüþ ãðàíè÷íûå óñëîâèÿ
ïðè ïîìîùè ñîîòíîøåíèé â (3) çàïèøåì â âèäå
(w11 + w22)(t)d
2=ds  1(w12 + w21)(t)d1=ds = '1(w3)(t); (9)
1(w12 + w21)(t)d
2=ds  (w11 + w22)(t)d1=ds = '2(w3)(t);
t = t(s) = 1(s) + i2(s) 2  ;
ãäå ïðèíÿòû îáîçíà÷åíèÿ: 'j(w3) = 2P
j(s) + [( )j 1(k1w3   w231=2)(t) 
 ( )2 j(k2w3   w232=2)(t)]d3 j=ds+ ( 1)j 11w31(t)w32(t)dj=ds; j = 1; 2:
(10)
Äàëåå ñ÷èòàåì, ÷òî îáëàñòü 
- åäèíè÷íûé êðóã: jzj  1:Âûðàæåíèÿ òàíãåíöè-
àëüíûõ ïåðåìåùåíèé w1; w2 èç (8) âíîñèì â (9). Òàê êàê
wjj = Ref1(z) + Tf(z)g=2  ( 1)jImf02(z) + iSd[1 + Tf ](z)g; j = 1; 2; (11)
w12 + w21 = 2Ref02(z) + iSd[1 + Tf ](z)g;
êîòîðûå ïîëó÷àþòñÿ ñ èñïîëüçîâàíèåì (4),(5),(8), òî ãðàíè÷íûå óñëîâèÿ (9) ïðèìóò
âèä:
Ref( i)2 jt02(t)g+Refij 1tSd[1]+(t)g+ ( 1)j 13d3 j=ds Re1(t) = lj(w3)(t);
(12)
t 2  ; j = 1; 2;
ãäå
lj(w3)(t) = 'j(w3)(t)=(1  ) +Hjf(t); (13)
Hjf = ( 1)jImfi2 jtSd[Tf ]+(t)g+( 1)j3d3 j=ds ReTf(t); j = 1; 2; 3 = (1+)=(2(1 ));
ñèìâîë 	+(t) îçíà÷àåò ïðåäåë ôóíêöèè 	(z) ïðè z ! t 2   èçíóòðè îáëàñòè 
 .
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d + c1 + ic2; (14)
ãäå j() 2 C( ) -äåéñòâèòåëüíûå ôóíêöèè; ïîä ln(1   z=) ïîíèìàåòñÿ âåòâü,
îáðàùàþùàÿñÿ â íóëü ïðè z = 0 .







(   z)d: (15)

























(   t)d: (16)



















ãäå ïîñòîÿííàÿ d1 îïðåäåëåíà â (7).
Òåïåðü, åñëè (16), (17) ïîäñòàâèòü â (12),òî äëÿ îïðåäåëåíèÿ j(t); j = 1; 2 ïðè-


































Çàéìåìñÿ ðåøåíèåì ñèñòåìû (18). Âûðàæåíèå 2(t) èç âòîðîãî óðàâíåíèÿ â (18)


















1(t)dt; j = 0; 1; 2:
Óðàâíåíèå (19) ïîñëåäîâàòåëüíî óìíîæàåì íà 1; t; t
2
, âòîðîå óðàâíåíèå â (18) -











dt = 0; j = 1; 2 (20)
ðåøåíèå ñèñòåìû (18) ïîëó÷àåì â âèäå














(   t) l2(w3)()dg;
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b1 -ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
Òåïåðü, åñëè (21) ïîäñòàâèòü â (14),(15), ïðè ýòîì ó÷åñòü 1(0) =  a0=(2i) , òî
äëÿ ãîëîìîðôíûõ ôóíêöèé j(z);
0
2(z) ïîëó÷èì ñëåäóþùèå ïðåäñòàâëåíèÿ:
1(z) = 1[l(w3)](z) + ic0; 
0






(   z) d;




















cj(j = 0; 1; 2) -ïðîèçâîëüíûå äåéñòâèòåëüíûå ïîñòîÿííûå.
Ïîäñòàâëÿÿ (23) â (8), äëÿ òàíãåíöèàëüíûõ ïåðåìåùåíèé w1; w2; óäîâëåòâîðÿ-
þùèõ ïåðâûì äâóì óðàâíåíèÿì â (1) è ãðàíè÷íûì óñëîâèÿì (9), ïðè âûïîëíåíèè
óñëîâèé (20) ïîëó÷àåì ïðåäñòàâëåíèå
!0(z) = H0w3 + c0z=(1  ) + c1 + ic2; (25)
H0w3  H0[l(w3); f(w3)] = 2[l(w3)](z) + iTd[1[l(w3)] + Tf(w3)](z):
Ïîëó÷èì èíòåãðàëüíûå ïðåäñòàâëåíèÿ äëÿ ïðîèçâîäíûõ (äî âòîðîãî ïîðÿäêà
âêëþ÷èòåëüíî) w1; w2 . Èñïîëüçóÿ âûðàæåíèå (4) ôóíêöèè ! è ñîîòíîøåíèÿ â (11),
íàõîäèì
wjj = Ref1[l(w3)] + Tf(w3)g=2  ( 1)jImf02[l(w3)] + iSd[1[l(w3)]+
+Tf(w3)]g  Hjj [l(w3); f(w3)]  Hjjw3; (26)
wjk = Ref02[l(w3)]+iSd[1[l(w3)]+Tf(w3)]g+( 1)jImf1[l(w3)]+Tf(w3)g=(21)+
+( 1)jc0=(1  )  Hjk[l(w3); f(w3)] + ( 1)jc0=(1  );
Hjk[l(w3); f(w3)]  Hjkw3 (j 6= k); j; k = 1; 2:
Äèôôåðåíöèðóÿ ñîîòíîøåíèå (7) ïî z; z , ïîëó÷àåì
!0zz = ifd1f01[l(w3)] + Sf(w3)g+ d2f(w3)g  P1[l(w3); f(w3)]  P1w3; (27)
!0zz = ifd1f(w3) + d2f01[l(w3)] + Sf(w3)gg  P2[l(w3); f(w3)]  P2w3:
Òåïåðü ñîîòíîøåíèå (8) äèôôåðåíöèðóåì äâàæäû ïî z . Ïðèíèìàÿ âî âíèìàíèå
ëåãêî ïîëó÷àåìîå ñîîòíîøåíèå
Sd[1 + Tf ](z) = T (d[1 + Tf ]=t




2 [l(w3)] + iS fd[1[l(w3)] + Tf(w3)]=t2g+
+iSfd1[01[l(w3)] + Sf(w3)] + d2f(w3)g  P3[l(w3); f(w3)]  P3w3: (29)








































(   z)2 d: (30)
Ëåììà 1. Ïóñòü âûïîëíåíû óñëîâèÿ (à),(b) ðàçäåëà 1. Òîãäà 1) Pj(j = 1; 3)




); 2 < p < 2=(1  









) ñîîòâåòñòâåííî ( çäåñü è äàëåå 0 = min(; ) ). Ïðè
ýòîì äëÿ ëþáûõ wj3(j = 1; 2) 2W (2)p (
) èìåþò ìåñòî îöåíêè
kPjw13   Pjw23kLp(









3   w23kW (2)p :
Ñïðàâåäëèâîñòü ëåììû óñòàíàâëèâàåòñÿ ñ èñïîëüçîâàíèåì ñîîòíîøåíèé (3), (6),
(10), (13), (22),(25), (26)-(30) è ôîðìóëû (6.10) èç[1,c.42].
Âåðíåìñÿ ê óñëîâèÿì (20). Åñëè ïðèíÿòü âî âíèìàíèå ñîîòíîøåíèÿ (13),(3), (10),








Rjd1d2 = 0; j = 1; 2; (31)Z
 





(1R2   2R1)d1d2 = 0;
ãäå P j(s); Rj - êîìïîíåíòû âíåøíåé íàãðóçêè.
Ïåðåõîäèì ê íàõîæäåíèþ ôóíêöèé  k(k = 1; 2) èç ïîñëåäíèõ äâóõ óðàâíå-
íèé â (1), óäîâëåòâîðÿþùèõ ïîñëåäíèì äâóì ãðàíè÷íûì óñëîâèÿì â (2). Ñ ó÷åòîì
âûðàæåíèé äëÿ ìîìåíòîâ M jk â (3) ãðàíè÷íûå óñëîâèÿ çàïèøåì â âèäå
( 11 +  22)(t)d
2=ds  1( 12 +  21)(t)d1=ds = e'1(t); (32)
1( 12 +  21)(t)d
2=ds  ( 11 +  22)(t)d1=ds = e'2(t);e'j(t) = 1N j(s); j = 1; 2;
ãäå ôóíêöèè N j(s) è ïîñòîÿííàÿ 1 îïðåäåëåíû â (3).
Çàìåòèì, ÷òî ñòðóêòóðà ëåâûõ ÷àñòåé ïîñëåäíèõ äâóõ óðàâíåíèé â (1) è ãðà-
íè÷íûõ óñëîâèé (32) òàêàÿ æå, êàê è â ñëó÷àå òàíãåíöèàëüíûõ ïåðåìåùåíèé; îíè
îòëè÷àþòñÿ òîëüêî ïðàâûìè ÷àñòÿìè. Ïîýòîìó äëÿ óãëîâ ïîâîðîòà  1;  2 ïðè ôèê-
ñèðîâàííûõ ïðàâûõ ÷àñòÿõ ñðàçó ïîëó÷àåì àíàëîãè÷íûå ïðåäñòàâëåíèÿ:
 =  2 + i 1 = H0[el(v); ef(v)] +  (z); (33)
ãäå ïðèíÿòû îáîçíà÷åíèÿ:
 (z) =  2(z) + i 1(z) = c3z=(1  ) + c4 + ic5; z = 1 + i2;
v = v2 + iv1; ef(v) = [ ef1(v) + i ef2(v)]=2; el(v) = el1(v) + iel2(v); (34)
vj = w3j +  j ; efj(v) = k0vj   1Lj ; elj(v)(t) = e'j(t)=(1  ) +Hj ef(v)(t); j = 1; 2;
cj(j = 3; 5) - ïðîèçâîëüíûå äåéñòâèòåëüíûå ïîñòîÿííûå; îïåðàòîðû
H0[el(v); ef(v)]; Hj ef(v) îïðåäåëåíû ñ ïîìîùüþ (25), (24),(13). Çàìåòèì, ÷òî ôóíêöèè
vj(j = 1; 2) ïðåäñòàâëÿþò ñîáîé êîìïîíåíòû äåôîðìàöèè ïîïåðå÷íûõ ñäâèãîâ.
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ãäå N j ; Lj -êîìïîíåíòû âíåøíåé íàãðóçêè; vj(j = 1; 2) 2W (1)p (
); p > 2 - ôóíêöèè,
ââåäåííûå â (34), êîòîðûå âðåìåííî ñ÷èòàåì ôèêñèðîâàííûìè.
Äëÿ ïðîèçâîäíûõ  jk(j; k = 1; 2) òàêæå ïîëó÷àåì ïðåäñòàâëåíèÿ, àíàëîãè÷íûå
(26):
 jk = Hjk[el(v); ef(v)] +  jk ;  jk = ( 1)j [1  ( 1)j k]c3=(2(1  )); j; k = 1; 2;
(36)
îïåðàòîðû Hjk ââåäåíû â (26).
Èìååò ìåñòî
Ëåììà 2. Ïóñòü âûïîëíåíû óñëîâèÿ (à), (b) ðàçäåëà 1. Òîãäà Hjk(j; k = 1; 2)










Ñïðàâåäëèâîñòü ëåììû 2 íåïîñðåäñòâåííî ñëåäóåò èç (25), (26) ñ ó÷åòîì âûðà-
æåíèé el(v); ef(v) â (34) è âûøåóêàçàííûõ ñâîéñòâ îïåðàòîðîâ T; S:
Òàêèì îáðàçîì, ïðè âûïîëíåíèè óñëîâèé (31),(35) çàäà÷à (1), (2) ïðè ôèêñèðî-
âàííûõ w3; vj(j = 1; 2) ðàçðåøèìà îòíîñèòåëüíî òàíãåíöèàëüíûõ ïåðåìåùåíèé è
óãëîâ ïîâîðîòà; åå ðåøåíèÿ äàþòñÿ ôîðìóëàìè (25), (33).
Â çàêëþ÷åíèå ðàçäåëà ñîîòíîøåíèÿ (33), (36) ïðåäñòàâèì â óäîáíîì äëÿ äàëü-
íåéøèõ èññëåäîâàíèé âèäå. Â ïåðâóþ î÷åðåäü äëÿ ef(v);el(v) èç (34) ïîëó÷àåì
ef(v) = ef0+ ef1(v); el(v) = el0+el1(v); efk = ( ef1k+ i ef2k)=2; elk = el1k+ iel2k; k = 0; 1; (37)
efj0 =  1Lj ; efj1 = k0vj ; elj0 = e'j=(1  ) +Hj ef0; elj1(v) = Hj ef1(v); j = 1; 2:
Çàìåòèì, ÷òî ef j(v); elj(v)-îäíîðîäíûå îïåðàòîðû îòíîñèòåëüíî v ïîðÿäêà j .
Òåïåðü, åñëè (37) ïîäñòàâèòü â (33), (36), òî ïðèäåì ê èñêîìûì ïðåäñòàâëåíèÿì
äëÿ óãëîâ ïîâîðîòà è èõ ïðîèçâîäíûõ:
   (v) =  0 +  1(v) +  ;  jk   jk(v) =  j0k +  j1k(v) +  jk ; j; k = 1; 2;
(38)
 n(v) =  2n(v)+i 1n(v) = H0[eln(v); efn(v)];  jnk(v) = Hjk[eln(v); efn(v)]; j; k = 1; 2;n = 0; 1:
Ëåãêî âèäåòü, ÷òî  n(v);  jnk(v)- îäíîðîäíûå îïåðàòîðû îòíîñèòåëüíî v ïî-
ðÿäêà n .
3. Ñâåäåíèå ñèñòåìû (1) ê îäíîìó óðàâíåíèþ è åãî èññëåäîâàíèå
Ïðåæäå ÷åì ïåðåéòè ê òðåòüåìó óðàâíåíèþ â (1), ïðîãèá w3 è åãî ïðîèçâîäíûå
âûðàçèì ÷åðåç vj(j = 1; 2): Íåïîñðåäñòâåííî èç ôîðìóë äëÿ vj â (34) ñ ó÷åòîì (38)
ïîëó÷èì
w3j  w3j (v) = w30j + w31j (v) + w3j ; (39)
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w30j =   j0; w31j (v) = vj    j1(v); w3j =   j; j = 1; 2:
Èñïîëüçóÿ (39), ëåãêî âûâîäèì ïðåäñòàâëåíèå äëÿ w3 :











w3 =  c51   c42 + c6: (41)
Íåîáõîäèìî îòìåòèòü, ÷òî êðèâîëèíåéíûå èíòåãðàëû â (41) íå çàâèñÿò îò ïóòè
èíòåãðèðîâàíèÿ è ýòî îáñòîÿòåëüñòâî ïðèâîäèò ê òîìó, ÷òî ïîñòîÿííàÿ c3 = 0 ,
÷òî è ó÷òåíî ïðè âûâîäå âûðàæåíèÿ w3 . Â ñèëó ýòîãî ôîðìóëà äëÿ  (z) â (34)
ïðèìåò áîëåå ïðîñòîé âèä:
 (z) =  2(z) + i 1(z) = c4 + ic5: (42)
Äëÿ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà ïðîãèáà w3 áóäåì èìåòü:
w3jk  w3jk(v) = w30jk + w31jk(v); (43)
w30jk =   j0k ; w31jk(v) = vjk    j1k(v); j; k = 1; 2;
ãäå  j0k ;  j1k(v) îïðåäåëåíû â (38).
Çàìåòèì, ÷òî w3n(v); w3nj (v); w3njk(v) îòíîñèòåëüíî v ñóòü îäíîðîäíûå
îïåðàòîðû ïîðÿäêà n .
Ïîäñòàâëÿÿ (39), (40), (43) ñíà÷àëà â (3), (10), çàòåì (3), (10) - â (13), (25), (26),
äëÿ òàíãåíöèàëüíûõ ïåðåìåùåíèé è èõ ïðîèçâîäíûõ òàêæå ïîëó÷àåì ðàçáèåíèÿ
íà ëèíåéíûå è íåëèíåéíûå îïåðàòîðû:
!0  !0(v) = !01(v)+!02(v)+!0; wjk  wjk(v) = wj1k(v)+wj2k(v)+wjk ; j = 1; 2;
(44)
ãäå
!0j(v) = w2j(v)+iw1j(v) = H0[l
j(v); f j(v)]; wjnk(v) = Hjk[l
n(v); fn(v)]; j; n; k = 1; 2;
!0 = w2+iw1 = H0[l; f]+c0z+c1+ic2; wjk = Hjk[l
; f]+( 1)j [1 ( 1)j k]c0=2;
lj(v) = l1j(v)+il2j(v); f
j(v) = [f1j(v)+if2j(v)]=2; j = 1; 2; l
 = l1+il2; f = (f1+if2)=2;
fj1(v) = k2+jw31j (v); fj2(v) = k2+jw30j 2Rj w3j (v)w3jj (v) 2w33 j (v)w312(v) 
 1w3j (v)w33 j3 j (v); fj = k2+jw3j ; j = 1; 2; (45)
ljk(v) = 'jk(v)=(1 )+Hjfk(v); lj = 'j=(1 )+Hjf; 'j1(v) = ( 1)j 1k2+jw31(v);
'j2(v) = 2P
j(s) + ( 1)jfk2+jw30   ( 1)k 1(j k)[(w30k + w31k)2 + 2w3k(w30k+
+w31k)]=2gd3 j=ds+( 1)j 11[w31(w302 +w312)+w32(w301 +w311)]dj=ds
( ïî k ñóììèðîâàíèå îò 1 äî 2), 'j = [( )j 1(k1w3 w231)=2  ( )j 2(k2w3 
 w232)=2]d3 j=ds+ ( 1)j 11w31w32dj=ds; j = 1; 2;
îïåðàòîðû H0; Hjk(j; k = 1; 2); Hj(j = 1; 2) ââåäåíû â (25), (26), (13).
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Ïðè ïîìîùè íåñëîæíûõ, íî ãðîìîçäêèõ âû÷èñëåíèé ìîæíî ïîëó÷èòü ÿâíîå
âûðàæåíèå äëÿ !0 :
!0 = w2+iw1 = (k2 k1)(c4+ic5)z2=8+[2d2b1 id1(k3c5+ik4c4)]z2=4+[b1d1+ (46)
+id2(k3c5 ik4c4)=2](1 zz) [c4c5 ic6(k1 k2)+i(c25 c24)=2]z=2+(ib2=2+c0)z+c1+ic2;
ãäå b1 = (k1+k2)(c4+ic5) (k4c4+ik3c5)=2; b2 = c6(k1+k2) (c25+c24)=2; z = 1+i2;
ïîñòîÿííûå k3; k4; d1; d2 îïðåäåëåíû â (3), (7).
Èç (46), âûäåëÿÿ äåéñòâèòåëüíóþ è ìíèìóþ ÷àñòè , áóäåì èìåòü:
wj = ( 1)j 1c6 j [k2(2)2   k1(1)2]=2  kjc3+j12 + (kjc6   c26 j=2)j+
+( 1)j(c0 + ( 1)j 1c4c5=2)3 j + ( 1)j 1c6 j(k1   k2)=4 + c3 j ; j = 1; 2: (47)
Íåïîñðåäñòâåííûå âû÷èñëåíèÿ ïîêàçûâàþò, ÷òî w1; w2; w3;  1;  2; îïðåäå-
ëåííûå ôîðìóëàìè (41), (42), (47), ÿâëÿþòñÿ æåñòêèìè ñìåùåíèÿìè îáîëî÷êè êàê
àáñîëþòíî òâåðäîãî òåëà, ò.å. îáðàùàþò â íóëü êîìïîíåíòû äåôîðìàöèè.
Ïåðåõîäèì ê òðåòüåìó óðàâíåíèþ â (1). Çàìåíÿÿ îáîáùåííûå ïåðåìåùåíèÿ âû-
ðàæåíèÿìè èç (38)-(40), (43),(44), òðåòüå óðàâíåíèå ïðèâîäèì ê ýêâèâàëåíòíîé ñè-
ñòåìå îòíîñèòåëüíî vj(j = 1; 2) :
v11 + v22 = f3(v); v12   v21 =  12(v)   21(v);
êîòîðóþ ïðè ïîìîùè êîìïëåêñíîé ôóíêöèè v = v2 + iv1 çàïèøåì â êîìïëåêñíîé
ôîðìå
@v=@z = [ 21(v)   12(v) + if3(v)]=2  f0(v); (48)
ãäå
f3(v)  f3(w3(v)) =  fk3w11(v)+k4w22(v) k5w3(v)+k3w231(v)=2+k4w232(v)=2+
+2[T
(v)w3(v)] + 2R
3g=(k21); T(v)  T(a(v))(;  = 1; 2): (49)
Òðåòüå ãðàíè÷íîå óñëîâèå â (2) ïðåîáðàçóåòñÿ ê âèäó
v1d
2=ds  v2d1=ds = '(v); (50)
ãäå
'(v)  '(w3(v)) = 3[P 3(s)  T 11(v)w31(v)d2=ds+ T 22(v)w32(v)d1=ds 
 T 12(v)(w32(v)d2=ds  w31(v)d1=ds)]; 3 = 2(1 + )=(k2Eh): (51)
Èòàê, èñõîäíàÿ çàäà÷à (1),(2) ñâåëàñü ê íàõîæäåíèþ ðåøåíèÿ óðàâíåíèÿ (48),
óäîâëåòâîðÿþùåãî ãðàíè÷íîìó óñëîâèþ (50).
Óðàâíåíèå (48) ýêâèâàëåíòíî
v = (z) + Tf0(v)(z); (52)
ãäå (z) -ïðîèçâîëüíàÿ ãîëîìîðôíàÿ ôóíêöèÿ êëàññà C(
); îïåðàòîð T ââåäåí
â (5).
Ãîëîìîðôíóþ ôóíêöèþ (z) íàéäåì òàê, ÷òîáû ôóíêöèÿ v , ïðåäñòàâëåííàÿ
â âèäå (52), óäîâëåòâîðÿëà ãðàíè÷íîìó óñëîâèþ (50), ïðè ýòîì '(v); f0(v) â ïðà-
âûõ ÷àñòÿõ (50), (52) âðåìåííî ñ÷èòàåì ôèêñèðîâàííûìè. Âíîñÿ (52) â (50), äëÿ
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(z) ïîëó÷àåì çàäà÷ó Ðèìàíà- Ãèëüáåðòà â åäèíè÷íîì êðóãå ñ êðàåâûì óñëîâèåì













dt = 0; l3(v)(t) = '(v)(t) +Re[itTf0(v)(t)]: (54)
Ñ ó÷åòîì óñëîâèÿ (54) ðåøåíèå (53) ìîæíî ïðåäñòàâèòü â âèäå









Óñëîâèå (54) ìîæíî ïðåîáðàçîâàòü ê âèäóZ
 
(k1
1P 1 + k2







2R2 +R3)d1d2 = 0: (56)
Òàêèì îáðàçîì, ïðè âûïîëíåíèè óñëîâèÿ (56) ðåøåíèå (z) çàäà÷è Ðèìàíà-




); p > 2 ïîëó÷àåì óðàâíåíèå âèäà
v   [l3(v)]  Tf0(v) = 0: (57)
Óðàâíåíèå (57) ïðåäñòàâèì íåñêîëüêî â äðóãîì âèäå. Ïðèíèìàÿ âî âíèìàíèå
ñîîòíîøåíèÿ (38), (40), (43), (44) è ëåãêî ïðîâåðÿåìîå ðàâåíñòâî k3w11+k4w22 
k5w3+k3w231=2+k4w
2
32=2 = 0; äëÿ f3(v); f0(v); l3(v) â (49), (48), (54) ïîëó÷àåì
ðàçáèåíèÿ íà ëèíåéíûå è íåëèíåéíûå ñëàãàåìûå:
f3(v) = f31(v) + f32(v); f0(v) = f01(v) + f02(v); l3(v) = l31(v) + l32(v); (58)
ãäå
f31(v) =  [k3w111(v) + k4w212(v)  k5w31(v)]=(k21);




f01(v) = [ 211(v)   112(v) + if31(v)]=2; f02(v) = [ 201    102 + if32(v)]=2;
l31(v) = Re[itTf01(v)]; l32(v) = '(v) +Re[itTf02(v)]:
Ââåäåì îïåðàòîðû
Kv = [l31(v)] + Tf01(v); Gv = [l32(v)] + Tf02(v): (60)
Òîãäà óðàâíåíèå (57) ïðèìåò âèä:
v  Kv  Gv = 0: (61)
Èññëåäóåì ðàçðåøèìîñòü óðàâíåíèÿ (61) â ïðîñòðàíñòâå W
(1)
p (
); p > 2: Ñïðà-
âåäëèâà ñëåäóþùàÿ ëåììà.
Ëåììà 3. Ïóñòü âûïîëíåíû óñëîâèÿ (à), (b) ðàçäåëà 1. Òîãäà 1) K - ëèíåéíûé
âïîëíå íåïðåðûâíûé îïåðàòîð â W
(1)
p (
); p > 2; 2) G -íåëèíåéíûé îãðàíè÷åííûé































=1 kk2+w3(0) + RkLp(
); T(0) 
T(a(0)); a(0) = (w1(0); w2(0); w3(0);  1(0);  2(0)); çäåñü è äàëåå wj(0)(j =
1; 3); w3(0);  (0)( = 1; 2) îïðåäåëåíû ïî ôîðìóëàì (44), (40), (39), (38) ïðè
v = 0:
Ñïðàâåäëèâîñòü ïåðâîé ÷àñòè ëåììû ñëåäóåò èç ñîîòíîøåíèé (59), (60) ñ ó÷å-
òîì ëåìì 1,2 , ñâîéñòâ îïåðàòîðîâ T; S; S  . Âòîðàÿ ÷àñòü ëåììû äîêàçûâàåòñÿ ñ
èñïîëüçîâàíèåì (40), (41), (43), (45),(51),(58) è ëåììû 1.
Ðàññìîòðèì îäíîðîäíîå óðàâíåíèå
v  Kv = 0 (62)
è ïóñòü v 2 W (1)p (
); 2 < p < 2=(1   ) - íåíóëåâîå åãî ðåøåíèå. Ýòîìó ðå-
øåíèþ ïî ôîðìóëàì â (38), (41), (45) ñîîòâåòñòâóþò îáîáùåííûå ïåðåìåùåíèÿ
wj1(v)(j = 1; 3);  j1(v)(j = 1; 2); êîòîðûå óäîâëåòâîðÿþò ñèñòåìå ëèíåéíûõ îäíî-
ðîäíûõ óðàâíåíèé
w111 + 1w122 + 2w212   k3w31 = 0;
1w211 + w222 + 2w112   k4w32 = 0; (63)
k21(w311 + w322 +  11 +  22) + k3w11 + k4w22   k5w3 = 0;
 111 + 1 122 + 2 212   k0(w31 +  1) = 0;
1 211 +  222 + 2 112   k0(w32 +  2) = 0
è îäíîðîäíûì ñòàòè÷åñêèì ãðàíè÷íûì óñëîâèÿì âèäà
(w11 + w22   k3w3)d2=ds  1(w12 + w21)d1=ds = 0;
1(w12 + w21)d
2=ds  (w11 + w22   k4w3)d1=ds = 0; (64)
(w31 +  1)d
2=ds  (w32 +  2)d1=ds = 0;
( 11 +  22)d
2=ds  1( 12 +  21)d1=ds = 0;
1( 12 +  21)d
2=ds  ( 11 +  22)d1=ds = 0:
Ðàâåíñòâà â (63) ñ wj = wj1(j = 1; 3;  j =  j1(j = 1; 2) ñîîòâåòñòâåííî óìíî-
æèì íà w11; w21; w31;  11;  21 , èíòåãðèðóåì ïî îáëàñòè 
 è ñëîæèì. Èíòåãðèðóÿ
ïî ÷àñòÿì è ó÷èòûâàÿ ãðàíè÷íûå óñëîâèÿ (64), ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèé
ïîëó÷èì vj = 0; j = 1; 2; ò.å. v = 0 â 
: Èòàê, óðàâíåíèå (62) èìååò òîëüêî
òðèâèàëüíîå ðåøåíèå â W
(1)
p (
); 2 < p < 2=(1  ): Ñëåäîâàòåëüíî, ñóùåñòâóåò îá-
ðàòíûé îïåðàòîð (I K) 1; îãðàíè÷åííûé â W (1)p (
); 2 < p < 2=(1 ); ñ ïîìîùüþ
êîòîðîãî óðàâíåíèå (61) ñâåäåòñÿ ê ýêâèâàëåíòíîìó
v  Gv = 0; Gv = (I  K) 1Gv: (65)
Èç âûøåóñòàíîâëåííûõ ñâîéñòâ îïåðàòîðà G ñëåäóåò, ÷òî G  íåëèíåéíûé
îãðàíè÷åííûé îïåðàòîð â W
(1)
p (
); 2 < p < 2=(1   ); ïðè÷åì äëÿ ëþáûõ vj(j =
12 Ñ.Í. ÒÈÌÅÐÃÀËÈÅÂ
1; 2) 2 W (1)p (
) , ïðèíàäëåæàùèõ øàðó jjvjjW (1)p < r; â ñèëó ëåììû 3 ñïðàâåäëèâà
îöåíêà








ãäå q = ck(I  K) 1kW (1)p (
)[q0 + (1 + kw3(0)kW (2)p (
) + r)(kw3(0)kW (2)p (
) + r)]:
Ïðåäïîëîæèì, ÷òî ðàäèóñ r øàðà, æåñòêèå ñìåùåíèÿ è âíåøíèå ñèëû, äåéñòâó-
þùèå íà îáîëî÷êó, òàêîâû, ÷òî âûïîëíÿþòñÿ óñëîâèÿ
q < 1; kG(0)kW (1)p (
) < (1  q)r; (66)
ãäå G(0) çàâèñèò îò êîìïîíåíò âíåøíèõ ñèë è æåñòêèõ ñìåùåíèé îáîëî÷êè.
Â ýòèõ óñëîâèÿõ ê óðàâíåíèþ (65) ìîæíî ïðèìåíèòü ïðèíöèï ñæàòûõ îòîáðà-




< r ïðè ôèê-
ñèðîâàííîì æåñòêîì ñìåùåíèè w3 èìååò åäèíñòâåííîå ðåøåíèå v 2W (1)p (
); 2 <
p < 2=(1  ); êîòîðîå ìîæíî ïðåäñòàâèòü â âèäå v = RG(0) , ãäå R- ðåçîëüâåíòà
îïåðàòîðà Gv  G(0) .
Çíàÿ v = RG(0) , ïî ôîðìóëàì (38), (40), (44) íàõîäèì îáîáùåííûå ïåðåìåùå-
íèÿ wj(j = 1; 3);  j(j = 1; 2) 2 W (2)p (
); 2 < p < 2=(1  ): Â ðåçóëüòàòå ïîëó÷àåì
îáîáùåííîå ðåøåíèå a = (w1; w2; w3;  1;  2) çàäà÷è (1), (2), êîòîðîå, êàê ëåãêî
âèäåòü, ìîæíî ïðåäñòàâèòü â âèäå
a = a0 + a; (67)
ãäå a = (w1; w2; w3;  1;  2) - âåêòîð æåñòêèõ ñìåùåíèé îáîëî÷êè êàê àáñîëþò-
íî òâåðäîãî òåëà, îïðåäåëåííûõ ôîðìóëàìè (41), (42), (47); a0 -âåêòîð ñ êîìïîíåí-
òàìè wj1(v) + wj2(v)(j = 1; 2); w30 + w31(v);  j0 +  j1(v)(j = 1; 2) , íàéäåííûìè
ïî ôîðìóëàì (38), (41), (45) ïðè v = RG(0) . Îòìåòèì, ÷òî âåêòîð a0 îäíîçíà÷íî
îïðåäåëÿåòñÿ èñõîäíûìè äàííûìè çàäà÷è è æåñòêèì ñìåùåíèåì w3 .
Òàêèì îáðàçîì, íà îñíîâàíèè (67) çàêëþ÷àåì, ÷òî çàäà÷à (1), (2) èìååò îáîáùåí-
íîå ðåøåíèå ñ òî÷íîñòüþ äî æåñòêèõ ñìåùåíèé îáîëî÷êè êàê àáñîëþòíî òâåðäîãî
òåëà.
Òåïåðü ðåøåíèå v = v2+iv1 = RG(0) óðàâíåíèÿ (65) âíåñåì â (35). Òîãäà ëåãêî
óáåæäàåìñÿ â òîì, ÷òî òðåòüå óñëîâèå â (35) âûïîëíÿåòñÿ òîæäåñòâåííî, à ïåðâûå
äâà óñëîâèÿ â (35) ìîãóò áûòü ïðåîáðàçîâàíû ê âèäóZ
 















RjFd1d2 = 0; j = 1; 2; (68)
ãäå F -èçâåñòíàÿ ôóíêöèÿ, èìåþùàÿ âèä: F = w30+w31(v)+w3; çäåñü v = RG(0)
è w30; w31(v); w3 îïðåäåëåíû ôîðìóëàìè (41). Îòìåòèì, ÷òî F çàâèñèò òîëüêî
îò âíåøíèõ ñèë è æåñòêèõ ñìåùåíèé w3 .
Îòìåòèì, ÷òî â ñëó÷àå ëèíåéíûõ çàäà÷ ïîñëåäíèå äâà ñëàãàåìûõ â (68) îòñóò-
ñòâóþò.
Çàìåòèì, ÷òî óñëîâèÿ (31),(56), (68) ÿâëÿþòñÿ íå òîëüêî äîñòàòî÷íûìè, íî è
íåîáõîäèìûìè óñëîâèÿìè ðàçðåøèìîñòè çàäà÷è (1), (2).
Òàêèì îáðàçîì, äîêàçàíà ñëåäóþùàÿ îñíîâíàÿ òåîðåìà.
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Òåîðåìà. Ïóñòü âûïîëíåíû óñëîâèÿ (à), (b), (c) ðàçäåëà 1, íåðàâåíñòâà (66).
Òîãäà äëÿ ðàçðåøèìîñòè ãåîìåòðè÷åñêè íåëèíåéíîé çàäà÷è ðàâíîâåñèÿ äëÿ ïîëî-
ãèõ óïðóãèõ îáîëî÷åê òèïà Òèìîøåíêî ñî ñâîáîäíûìè êðàÿìè íåîáõîäèìî è äîñòà-
òî÷íî, ÷òîáû âûïîëíÿëèñü óñëîâèÿ (31), (56), (68). Â ñëó÷àå èõ âûïîëíåíèÿ çàäà÷à
èìååò îáîáùåííîå ðåøåíèå a = (w1; w2; w3;  1;  2) 2W 2p (
); 2 < p < 2=(1  ) âè-
äà (67) ñ òî÷íîñòüþ äî æåñòêèõ ñìåùåíèé a îáîëî÷êè êàê àáñîëþòíî òâåðäîãî
òåëà.
Summary
S.N. Timergaliev. About one approach to investigation of solvability of nonlinear problems
for shallow shells Timoshenko types with free edges.
The solvability of geometrically nonlinear boundary problems for shallow isotropic elastic
shells within the framework of S.P. Timoshenko shift model with static edge conditions is
investigated. The method of study based on reducing of the equilibrium equations reference
system to one nonlinear equation relative to cross shift deformation. In this case the signicant
role integral ideas for the tangential shifts and the angle of rotations which are formulated with
the attraction of the general solutions of the nonhomogeneous equation of Cauchy-Riemann,
play.
Key words: Timoshenko type shell, equilibrium equations, boundary problem, generalized
shifts, generalized problem solution, integral images, integral equations, holomorphic functions,
existence theorem
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